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Abstract
Weak measurement of a subset of noncommuting observables of a quantum system can be mod-
eled by the open-system evolution, governed by the master equation in the Lindblad form [1]. The
open-system density operator can be represented as statistical mixture over non unitarily evolving
pure states, driven by the stochastic Nonlinear Schro¨dinger equation (sNLSE) [2–4]. The globally
stable solution of the sNLSE is obtained in the case where the measured subset of observables
comprises the spectrum-generating algebra of the system. This solution is a generalized coherent
state (GCS)[5, 6], associated with the algebra. The result is based on proving that GCS minimize
the trace-norm of the covariance matrix, associated with the spectrum-generating algebra.
PACS numbers: 03.67.Mn,03.67.-a, 03.65.Ud, 03.65 Yz
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I. INTRODUCTION
A weak measurement of an subset of operators
{
Xˆi
}K
i=1
, performed on a quantum system,
driven by the Hamiltonian Hˆ is described by a Lindblad master equation [7, 8] of the following
form:
∂
∂t
ρˆ = Lρˆ = −i
[
Hˆ, ρˆ
]
−
K∑
j=1
γj
[
Xˆj,
[
Xˆj , ρˆ
]]
, (1)
where γj, measures the strength of the measurement of the observable Xˆj . The solution of
the master equation (1) can be represented as a statistical mixture of pure-states, evolving,
according to the stochastic nonlinear Schro¨dinger equation (sNLSE)[2–4]:
d |ψ〉 =
{
−iHˆdt−
K∑
i=1
γj
(
Xˆi −
〈
Xˆi
〉
ψ
)2
dt+
K∑
i=1
(
Xˆi −
〈
Xˆi
〉
ψ
)
dξi
}
|ψ〉 , (2)
where the Wiener fluctuation terms dξi satisfy
< dξi >= 0, dξidξj = 2γjdt. (3)
Consider a quantum system, driven by the Lie-algebraic Hamiltonians:
Hˆ =
∑
j
ajXˆj, (4)
where the set {Xˆj} of observables is closed under the commutation relations:
[
Xˆi, Xˆj
]
= i
K∑
k=1
fijkXˆk, (5)
i.e., it forms the spectrum-generating [9] Lie algebra [10] of the system, labeled by the letter
g in what follows. The coefficients aj in the Hamiltonian (4) can be functions of the Casimir
operators [10] of the algebra. Such Lie-algebraic Hamiltonians (4) are encountered in various
fields of the many-body physics, such as molecular [11, 12], nuclear [9, 12] and condensed
matter physics [9]. Lie algebras considered in the present work are compact semisimple
algebras [10] and the basis {Xˆi} is assumed to be orthonormal with respect to the Killing
form [10].
We shall assume that a weak measurement is performed on the elements of the spectrum-
generating algebra g. The strengts of the all the measurements are assumed to be equal,
γj = γ. Our goal is finding globally stable solutions of the resulting sNLSE (2), which can
be interpreted as a single realization of an infinite series of weak measurements.
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II. GENERALIZED COHERENT STATES AND THE TOTAL UNCERTAINTY
Let us assume that the subalgebra g is represented irreducibly on the system’s Hilbert
space H. Then an arbitrary state ψ ∈ H can be represented as a superposition of the
generalized coherent states (GCS) [5, 6] |Ω, ψ0〉 with respect to the corresponding dynamical
group G and an arbitrary state ψ0:
|ψ〉 =
∫
dµ(Ω) |Ω, ψ0〉 〈Ω, ψ0|ψ〉 , (6)
where µ(Ω) is the group invariant measure on the coset space G/H [10] , Ω ∈ G/H , H ⊂ G
is the maximal stability subgroup of the reference state ψ0:
h |ψ0〉 = e
iφ(h) |ψ0〉 , h ∈ H (7)
and the GCS |Ω, ψ0〉 are defined as follows:
Uˆ(g) |ψ0〉 = Uˆ(Ωh) |ψ0〉 = e
iφ(h)Uˆ(Ω) |ψ0〉 ≡ e
iφ(h) |Ω, ψ0〉 , g ∈ G, h ∈ H, Ω ∈ G/H, (8)
where Uˆ(g) is a unitary transformation generated by a group element g ∈ G.
The group-invariant total uncertainty of a state with respect to a compact semisimple
algebra g is defined as [5, 13]:
∆[ψ] ≡
K∑
j=1
〈
∆Xˆ2j
〉
ψ
=
K∑
j=1
〈
Xˆ2j
〉
ψ
−
K∑
j=1
〈
Xˆj
〉2
ψ
. (9)
The first term in the rhs of Eq.(9) is the eigenvalue of the the Casimir operator of g in the
Hilbert space representation:
Cˆ =
K∑
j=1
Xˆ2j (10)
and the second term is termed the generalized purity [14] of the state with respect to g:
Pg[ψ] ≡
K∑
j=1
〈
Xˆj
〉2
ψ
. (11)
Let us define ∆min as a minimal total uncertainty of a quantum state and cH as the eigenvalue
of the the Casimir operator of g in the system Hilbert space. Then
∆min ≤ ∆[ψ] ≤ cH, (12)
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The total uncertainty (9) is invariant under an arbitrary unitary transformation generated
by g. Therefore, all the GCS with respect to the subalgebra g and a reference state ψ0 have
a fixed value of the total invariance. It has been proved in Ref.[13] that the minimal total
uncertainty ∆min is obtained if and only if ψ0 is a highest (or lowest) weight state of the
representation (the Hilbert space). The value of ∆min is given by [13, 15]
∆min ≡ (Λ, µ) ≤ ∆[ψ] ≤ (Λ,Λ+ µ) = cH, (13)
where Λ ∈ Rr is the the highest weight of the representation, µ ∈ Rr is the sum of the
positive roots of g, r is the rank of g [10] and (, ) is the Euclidean scalar product in Rr.
The corresponding CGS were termed the generalized unentangled states with respect to
the subalgebra g [14, 15]. The maximal value of the uncertainty is obtained in states
termed maximally or completely entangled [14, 15] with respect to g. The maximum value
equals cH in the states having
〈
ψ
∣∣∣Xˆj∣∣∣ψ〉2 = 0 for all i. Such states exist in a generic
irreducible representation of an arbitrary compact simple algebra of observables [15]. Generic
superpositions of the GCS have larger uncertainty and are termed generalized entangled
states with respect to g [14, 15]. In what follows, it is assumed that the reference state ψ0
for the GCS minimize the total invariance (9).
III. THE MAIN RESULT: GLOBAL STABILITY OF THE GENERALIZED CO-
HERENT STATES
The time evolution of the total uncertainty (9) of a pure state evolving according to the
sNLSE (2) can be calculated as follows:
d∆[ψ(t)] = d
∑
i
(〈
Xˆ2i
〉
ψ
−
〈
Xˆi
〉2
ψ
)
= −d
∑
i
〈
Xˆi
〉2
ψ
= −
∑
i
(
2d
〈
Xˆi
〉
ψ
〈
Xˆi
〉
ψ
+ d
〈
Xˆi
〉
ψ
d
〈
Xˆi
〉
ψ
)
, (14)
where we have used prescription of the Ito calculus: d(xy) = dxy+ xdy+ dxdy and the fact
that d
∑
i
〈
Xˆ2i
〉
ψ
= 0 by the invariance of the Casimir operator (10) under dynamics in an
irreducible representation. To calculate dXˆi we derive the Heisenberg equations of motion,
corresponding to the sNLSE (2).
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Eq.(2) is equivalent to the following equation for the corresponding projector Pˆψ = |ψ〉 〈ψ|
dPˆψ =
(
−i
[
Hˆ, Pˆψ
]
− γ
K∑
j=1
[
Xˆj ,
[
Xˆj, Pˆψ
]])
dt+
∑
i
{(
Xˆi −
〈
Xˆi
〉
ψ
)
dξi, Pˆψ
}
. (15)
Eq.(15) implies the following stochastic Heisenberg equation for an arbitrary operator Xˆi:
dXˆi =
(
i
[
Hˆ, Xˆi
]
− γ
K∑
j=1
[
Xˆj,
[
Xˆj , Xˆi
]])
dt+
∑
j
{(
Xˆj −
〈
Xˆj
〉
ψ
)
dξj, Xˆi
}
=
(
i
[
Hˆ, Xˆi
]
− γcadjXˆi
)
dt+
∑
j
{(
Xˆj −
〈
Xˆj
〉
ψ
)
dξj, Xˆi
}
, (16)
where cadj is the quadratic Casimir in the adjoint representation (see Eq.(10)). Multiplying
Eq.(16) by
〈
Xˆi
〉
ψ
, summing up over all the observables and computing the expectation
value we obtain
K∑
i=1
〈
Xˆi
〉
ψ
d
〈
Xˆi
〉
=
(
i
K∑
i=1
〈
Xˆi
〉
ψ
〈[
Hˆ, Xˆi
]〉
ψ
− γcadj
K∑
i=1
〈
Xˆi
〉2
ψ
)
dt
+
∑
j,i
ξj
〈
Xˆi
〉
ψ
〈{(
Xˆj −
〈
Xˆj
〉
ψ
)
d, Xˆi
}〉
ψ
= −γcadj
K∑
i=1
〈
Xˆi
〉2
ψ
dt
+
K∑
i,j=1
〈
Xˆi
〉
ψ
(〈{
Xˆj , Xˆi
}〉
ψ
− 2
〈
Xˆj
〉
ψ
〈
Xˆi
〉
ψ
)
dξj, (17)
where the contribution of the Hamiltonian term has vanished due to the antisymmetry of
the structure constants of g:
i
K∑
i,j=1
aj
〈
Xˆi
〉
ψ
〈[
Xˆj , Xˆi
]〉
ψ
= i
K∑
i,j,k=1
aj
〈
Xˆi
〉
ψ
〈
icjikXˆk
〉
ψ
= −
K∑
j=1
aj
K∑
i,k=1
cjik
〈
Xˆi
〉
ψ
〈
Xˆk
〉
ψ
= 0. (18)
From Eq.(16) we get
d
〈
Xˆi
〉
ψ
d
〈
Xˆi
〉
ψ
=
∑
k,l
dξkdξl
〈{(
Xˆk −
〈
Xˆk
〉
ψ
)
, Xˆi
}〉
ψ
〈{(
Xˆl −
〈
Xˆl
〉
ψ
)
, Xˆi
}〉
ψ
= 2γdt
∑
k
〈{(
Xˆk −
〈
Xˆk
〉
ψ
)
, Xˆi
}〉2
ψ
= 2γdt
∑
k
(〈{
Xˆk, Xˆi
}〉
ψ
− 2
〈
Xˆk
〉
ψ
〈
Xˆi
〉
ψ
)2
. (19)
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Inserting Eqs.(19) and (17) into Eq.(14) we obtain
d
〈
∆ˆ
〉
ψ
= −
∑
i
(
2d
〈
Xˆi
〉
ψ
〈
Xˆi
〉
ψ
+ d
〈
Xˆi
〉
ψ
d
〈
Xˆi
〉
ψ
)
= 2γ
(
cadj
K∑
i=1
〈
Xˆi
〉2
ψ
−
∑
k,i
(〈{
Xˆk, Xˆi
}〉
ψ
− 2
〈
Xˆk
〉
ψ
〈
Xˆi
〉
ψ
)2)
dt
− 2
∑
j,i
〈
Xˆi
〉
ψ
(〈{
Xˆj , Xˆi
}〉
ψ
− 2
〈
Xˆj
〉
ψ
〈
Xˆi
〉
ψ
)
dξj. (20)
The remaining terms in the Eq.(20) describe the effect of the bath (weak measurement) on
the total uncertainty of a pure state evolving according to the sNLSE. It can be shown by
direct calculation that these terms vanish in a GCS. But a simpler way to show this is to
note that the infinitesimal evolution of the state, corresponding to the sNLSE (2) dropping
the Hamiltonian term, is given by:
|ψ > +|dψ > = exp
{
−2γ∆ˆ +
∑
i
(
Xˆi −
〈
Xˆi
〉
ψ
)
dξi
}
|ψ >
= exp
{∑
i
(
Xˆi −
〈
Xˆi
〉
ψ
)
dξi
}
exp
{
−2γ∆ˆ
}
|ψ >
= exp {φ(t)} exp
{∑
i
(
Xˆi −
〈
Xˆi
〉
ψ
)
dξi
}
|ψ >, (21)
where we have used the notation ∆ˆ ≡
∑
i
(
Xˆi −
〈
Xˆi
〉
ψ
)2
and the fact [13] that a GCS is
an eigenstate of ∆ˆ. From Eq.(21) we see that the infinitesimal transformation of the state is
driven by the operator linear in the generators of the algebra. Therefore, a GCS transforms
into a GCS under the infinitesimal evolution [19] and the total uncertainty of the evolving
state remains constant (and minimal).
The first term in Eq.(20), considered as a functional on the Hilbert space, has global
maximum in the GCS (see below). Therefore, on average, the rate of localization is minimal
in a GCS. In a GCS the second (stochastic) term vanishes. Since the rate of localization
is zero in a GCS as proved above, it follows that the average rate of localization obtains
minimum at zero. Therefore, an arbitrary state localizes on average.
Next we prove that the first term in Eq.(20), considered as a functional on the Hilbert
space, has global maximum in the GCS. The first sum in this term is just the generalized
purity of the state (11), which has a global maximum in a GCS [14, 16], while the second
sum is the trace-norm of the covariance matrix, which obtains global minimum in a GCS.
6
Theorem. The trace-norm of the covariance matrix Mij =
〈{
Xˆk, Xˆi
}〉
ψ
−
2
〈
Xˆk
〉
ψ
〈
Xˆi
〉
ψ
is minimal in a maximal (minimal) weight state of the irrep, i.e., in a
GCS.
Proof: The trace-norm is invariant under unitary transformations, generated by the
algebra g. Therefore, any orthonormal basis Xˆi can be used for calculation of the trace-
norm. Consider particular choice of the basis Xˆi such that the projection of the pure state
ρˆ = |ψ〉
〈
ψˆ
∣∣∣ on g is contained in the Cartan subalgebra h ⊂ g. Let us use index i, j for the
elements of h and α, β for the elements of the root subspace. Then,
Tr{M2} =
∑
i,j
M2i,j +
∑
i,α
M2i,α +
∑
|α|6=|β|
M2α,β +
∑
|α|=|β|
M2α,β . (22)
Let us focus on the last term in Eq.(22). Since the projection of the state on g is contained
in the Cartan subalgebra, it vanishes on the root subspace, i.e.,
〈
Xˆα
〉
= 0, for every α.
Then ∑
|α|=|β|
M2α,β =
∑
|α|=|β|
〈{
Xˆα, Xˆβ
}〉2
ψ
(23)
Using notation E±α for the raising and the lowering operators of the algebra, corresponding
to the positive root α we obtain∑
|α|=|β|
M2α,β
=
∑
|α|=|β|
〈{
Xˆα, Xˆβ
}〉2
ψ
= −
1
2
∑
α>0
〈(
Eˆα + Eˆ−α
)(
Eˆα − Eˆ−α
)
+
(
Eˆα − Eˆ−α
)(
Eˆα + Eˆ−α
)〉2
+
∑
α>0
〈(
Eˆα + Eˆ−α
)2〉2
+
∑
α>0
〈(
Eˆα − Eˆ−α
)2〉2
= −2
∑
α>0
〈
Eˆ2α − Eˆ
2
−α
〉2
+
∑
α>0
〈
Eˆ2α + Eˆ
2
−α + EˆαEˆ−α + Eˆ−αEˆα
〉2
+
∑
α>0
〈
Eˆ2α + Eˆ
2
−α − EˆαEˆ−α − Eˆ−αEˆα
〉2
= −2
∑
α>0
〈
Eˆ2α − Eˆ
2
−α
〉2
+ 2
∑
α>0
〈
Eˆ2α + Eˆ
2
−α
〉2
+ 2
∑
α>0
〈
EˆαEˆ−α + Eˆ−αEˆα
〉2
= 8
∑
α>0
〈
Eˆ2α
〉〈
Eˆ2−α
〉
+ 2
∑
α>0
〈
EˆαEˆ−α + Eˆ−αEˆα
〉2
. (24)
The density operator ρˆ = |ψ〉 〈ψ| can be expressed in the basis of the eigenstates |µ〉 of
the Cartan operators Xˆi ∈ h, Xˆi |µ〉 = µi |µ〉
ρˆ =
∑
µ,µ′
cµc
∗
µ′ |µ〉 〈µ
′| . (25)
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Then the the last term in Eq.(24) obtains
2
∑
α>0
〈
EˆαEˆ−α + Eˆ−αEˆα
〉2
= 2
∑
α>0
(∑
ν,µ′
cνc
∗
µ′ 〈µ
′| EˆαEˆ−α + Eˆ−αEˆα |ν〉
)2
= 2
∑
α>0
(∑
ν
|cν|
2 〈ν| EˆαEˆ−α + Eˆ−αEˆα |ν〉
)2
. (26)
States |ν + kα〉 form an irreducible representation of the su(2), spanned by
E± ≡ E±α/|α|
E3 ≡ α · Hˆ/|α|
2, Hˆi ≡ Xˆi ∈ h (27)
obeying su(2) commutation relations [17]
[E3, E
±] = ±E±; [E+, E−] = ±E±. (28)
Therefore, the state |ν〉 can be labeled as |mα, jα〉, where jα is the maximal weight of the
corresponding irrep of the su(2) and mα is the weight, corresponding to the state |ν〉 in the
irrep. Then
〈
Eˆ−αEˆα + EˆαEˆ−α
〉2
ψ
= |α|4
〈
2Eˆ−Eˆ+ + Eˆ3
〉2
ψ
= |α|4
〈
mα, jα
∣∣∣2Eˆ−Eˆ+ + Eˆ3∣∣∣mα, jα〉2
= |α|4
(
jα + j
2
α −m
2
α
)2
. (29)
The term (29) obtains minimum in the maximal (minimal) weight state of the jα irrep,
corresponding to mα = jα(mα = −jα). Therefore, |mα, jα〉 is annihilated by the E
+(E−),
and, by Eqs.(27), the state |ν〉 is annihilated by Eα(E−α). The minimum of the sum (26) is
obtained in the state, annihilated by Eα(E−α) for all positive roots α, i.e., in the maximal
(minimal) weight state ρˆ = |Λ〉 〈Λ|. The first term in Eq.(24) is nonnegative and vanishes
at |ψ〉 = |Λ〉, therefore it obtains minimum at |Λ〉. Therefore, the term (24) in the sum
(22) obtains minimum at |Λ〉. Since |Λ〉 is an eigenstate of every Cartan operator Xˆi, the
first term in Eq.(22) vanishes at |Λ〉. For the same reason and the fact that projection of
ρˆ on the root subspace vanishes the second term in Eq.(22) also vanishes at |Λ〉. The third
term in Eq.(22) vanishes at |Λ〉 since
〈
Λ
∣∣∣EˆαEˆβ∣∣∣Λ〉 = 0, ∀|α| 6= |β|. Since all these terms
are nonnegative, they obtain minimum at the maximal (minimal) weight state ρˆ = |Λ〉 〈Λ|.
Therefore, the whole expression (22) for the trace norm of the covariance matrix obtains
minimum at ρˆ = |Λ〉 〈Λ|. 
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IV. CONCLUSIONS
It is proved that globally stable solutions of the stochastic Nonlinear Schro¨dinger Equation
(2), modeling the process of weak measurement of the elements of the spectrum-generating
algebra of the system, are generalized coherent states, associated with the algebra. The
Hamiltonian of the system is linear in the algebra elements, i.e., possess dynamical symme-
try. It is conjectured, that adding nonlinearity to the Hamiltonian results in the asymptoti-
cally stable localized solutions of the corresponding sNLSE (see Ref.[18] for some numerical
evidence). The proof of stability is based on proving that the trace-norm of the covariance
matrix, associated with the algebra, obtains minimum in a generalized coherent state.
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